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Abstract
In this note, we study relative (pa,pb,pa,pa−b)-relative difference sets in certain p-subgroups of
SL(n,K), K = Fq , where q is a prime power.
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1. Introduction
A relative (m,n, k,λ)-difference set (RDS) in a finite group G of order mn relative to a sub-
group N of order n is a k-subset R of G such that every element g ∈ G \ N has exactly λ
representations g = r1r−12 with r1, r2 ∈ R, and no non-identity element of N has such a repre-
sentation. N is called the forbidden subgroup. R is called abelian (non-abelian) if G is abelian
(non-abelian). If k = nλ, then R is called semiregular. For a reference on relative differences sets,
see [3].
In this note, we assume K = Fq , q = pe, p prime. A polynomial of the form f (x) =∑e−1
i=0 cixp
i ∈ K[x] is called a p-polynomial. In the n by n matrix ring M(n,K), we denote by
Ei,j the matrix with the (i, j)th entry being 1, and other entries being 0. Set En =∑n−1i=1 Ei,i+1.
Then Ekn =
∑n−k
i=1 Ei,i+k , for 1 k  n − 1, and Ekn = 0, for k  n. In is the identity matrix of
order n. The subscript n for En and In is usually omitted if it is clear from the context.
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relative (pa,pb,pa,pa−b)-difference sets. However, we do not know many constructions of
RDSs in most cases even if we know they do exist. The purpose of this note is to construct new
RDSs in certain p-subgroups of SL(n,K). We shall use the following result, which was first
given by Davis in [1].
Result 1. [4] Let G be a group of order m1m2n. Let H1 be a subgroup of G and let H2 and N
be normal subgroups of G with |H1| = m1n, |H2| = m2n, |N | = n and H1 ∩H2 = N . If Ri is an
(mi, n,mi,mi/n)-RDS in Hi relative to N, i = 1,2, then R1R2 = {r1r2: r1 ∈ R1, r2 ∈ R2} is
an (m1m2, n,m1m2,m1m2/n)-RDS in G relative to N .
2. The main result
Our main result is
Theorem 2. Let G = {In + x1En + · · · + xn−1En−1n | x1, . . . , xn−1 ∈ K} ⊂ SL(n,K), N = {In +
xEn−1n | x ∈ K}, n  4. Write t := n2  − 1. Then R(F) = {In + x1En + · · · + xn−2En−2n +
F(x1, . . . , xn−2)En−1n | x1, . . . , xn−2 ∈ K} is a (qn−2, q, qn−2, qn−3)-RDS in G relative to N ,
where F(x1, . . . , xn−2) = f (x1, . . . , xt ) + l(xt+1), with l a p-polynomial and f :Kt → K an
arbitrary function.
Let G, N be as in the above theorem. Before proceeding to the proof, let us have a detailed
analysis of semiregular RDSs in G relative to N . It is clear that each such RDS has the form
R(F) = {I +∑n−2i=1 xiEi +F(x1, . . . , xn−2)En−1} for some function F :Kn−2 → K . Now given
a function F , we check by definition whether R(F) is an RDS relative to N . Given an element
I +∑n−1i=1 uiEi ∈ G, we count the number of solutions of the following equation
(
I +
n−1∑
i=1
uiE
i
)(
I +
n−2∑
i=1
xiE
i + F(x1, . . . , xn−2)En−1
)
= I +
n−2∑
i=1
aiE
i + F(a1, . . . , an−2)En−1.
Set u0 = x0 = 1. Expanding and comparing coefficients, we have
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
ak =
k∑
i=0
uixk−i , 1 k  n − 2,
F (a1, . . . , an−2) = F(x1, . . . , xn−2) +
n−1∑
i=1
uixn−1−i .
(1)
Hence R(F) is an RDS if and only if the above system of equations in the variables ai ,
xj , 1  i, j  n − 2, has qn−3 solutions if u1, . . . , un−2 are not all zeros, and no solutions if
u1 = · · · = un−2 = 0 and un−1 	= 0. This characterization helps to find new RDSs in G relative
to N .
Now we give the proof of Theorem 2.
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F(x1, . . . , xn−2) = f (x1, . . . , xt ) + l(xt+1).
We want to count the number of solutions to the following equation
f (a1, . . . , at ) + l
(
t+1∑
i=1
uixt+1−i
)
= f (x1, . . . , xt ) +
n−1∑
i=1
uixn−1−i
after the substitution ak =∑ki=0 uixk−i , 1 k  t +1. We note that in this equation, there is only
one term involving each xi , t +1 i  n−2, that is, un−1−ixi . So when at least one of u1, . . . , ut
is not zero, there are qn−3 solutions to the above equation. When each of u1, . . . , ut is zero, the
above equation takes on a simple form:
∑n−1
i=t+1 uixn−1−i = l(ut+1). It is straightforward to
check that we have the correct numbers in the remaining cases. It follows that R(F) is an RDS
in G relative to N . 
A function g :K → K is called planar if g(x + a) − g(x) is a permutation function of K for
each a 	= 0. For example, g(x) = ax2 +bx +c ∈ K[x], a 	= 0, is a planar function when p is odd.
It is known that g is a planar function if and only if the set R = {(x, f (x)) ∈ K × K | x ∈ K} is
a (q, q, q,1)-RDS in K × K relative to {0} × K , see [2].
Corollary 3. Let G = {In +∑n−3i=1 xiEin + xn−2E1,n−1 + xn−1E2,n + xnE1,n | x1, . . . , xn ∈ K} ⊂
SL(n,K), N = {In + xE1,n | x ∈ K}, p 	= 2, n  4. Write t := n2  − 1. Then R = {In +∑n−3
i=1 xiEin +xn−2E1,n−1 +xn−1E2,n + (f (x1, . . . , xt )+ l(xt+1)+g(xn−1 −xn−2)+x1(xn−1 −
xn−2))E1,n | x1, . . . , xn−1 ∈ K} is a (qn−1, q, qn−1, qn−2)-RDS in G relative to N , where l is a
p-polynomial, f : Kt → K is any function and g is planar.
Proof. Let G, N , R be as in the corollary. Now we define two subgroups of G: H1 =
{In + wE1,n + uE2,n | w,u ∈ K}, H2 = {In + x1En + · · · + xn−1En−1n | x1, . . . , xn−1 ∈ K}.
Then H1H2 = G, H1 ∩ H2 = N . R1 = {In + g(u)E1,n + uE2,n | u ∈ K} is a (q, q, q,1)-RDS
in H1 relative to N , and R2 = {In + x1En + · · · + xn−2En−2n + (f (x1, . . . , xt ) + l(xt+1))En−1n |
x1, x2, . . . , xn−2 ∈ K} is a (qn−2, q, qn−2, qn−3)-RDS in H2 relative to N according to Theo-
rem 2. Now an application of Result 1 yields the result since R = R2R1. 
Now let G = {In+x1En+· · ·+xn−1En−1n | x1, . . . , xn−1 ∈ K}, n 4. The maximal subgroup
of G of exponent p is Gp = {x ∈ G | xp = 1} = {I +∑n−1
i= n−1
p
+1 xiE
i | xi ∈ K , n−1p +1 i 
n−1}. The subgroup Nr = {In +x1En−rn +· · ·+xrEn−1n | x1, . . . , xr ∈ K}G lies in Gp when
1 r  n−12 . If there is some integer c s.t. 2c + r = n − 1, c  r and c + r  n − 1 − n−1p ,
then there is a semiregular RDS in G relative to Nr according to [4, Result 2.2]. We raise the
following general question:
Question 4. Let G = {In +x1En +· · ·+xn−1En−1n | x1, . . . , xn−1 ∈ K} ⊂ SL(n,K), Nr = {In +
x1En−rn + · · · + xrEn−1n | x1, . . . , xr ∈ K}, n > 4, 1 r  n−12 . Is there any semiregular RDS
in G relative to Nr? If so, give a characterization.
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